ABSTRACT This paper investigates the two problems of generalized chaotic synchronization. In one case, the Chen system is treated as the drive system and the controlled Rucklidge system as the response system. In the other case, we choose the Rucklidge system as the drive system and the controlled Chen system as the response system. For each case, a scalar control input and a state transformation are proposed by using the differential geometric approach when a simple condition holds. Under the scalar control input and the state transformation, the trajectory of the response system can track the trajectory of the drive system no matter what initial values of the two systems. The two generalized synchronizations realized in this paper reveal the Rucklidge system and the Chen system are similar in some sense although their system equations are quite different. Finally, several numerical simulations are studied to demonstrate the control schemes given in this paper.
I. INTRODUCTION
Chaotic synchronization, which was first proposed by Pecora and Carroll in 1990 [1] , is an interesting topic in modern control theory. The techniques of chaotic synchronization have shown more and more potential applications in many fields, especially in the field of secure communication [2] - [4] . Inspired by those numerous applications, different types of chaotic synchronization have been studied, such as complete synchronization, generalized synchronization, projective synchronization, lag synchronization, phase synchronization, and so on [5] .
To achieve generalized synchronization may be somewhat more complicated than to achieve complete synchronization since in the former case we have to design not only an appropriate scalar or vector input but also an appropriate state transformation which maps the phase space of the response system into the phase space of the driving system [6] - [9] . At the same time, it is required that the trajectory of the response system converges to that of the driving system under the state transformation and the control input. Unfortunately, it is not easy to determine those state transformations for most cases [9] . One strategy for simplified the tasks to design state transformations is employing vector inputs, with which the state transformations often reduced to linear forms [10] - [15] .
Another strategy is not to construct state transformations but to detect generalized synchronizations [16] - [19] .
The response system and drive system considered to achieve generalized synchronization usually have different structures or different parameters. In this note we discuss the problem of generalized synchronization between the Chen system and the Rucklidge system. The Chen system, proposed in 1999, is one of the paradigms of chaos [20] . The Rucklidge system is one of the simplest chaotic system which can be expressed as quadratic ordinary differential equations [21] .
The objectives of the note are to study the condition for generalized synchronization between the two chaotic systems abovementioned and to achieve this synchronization via scalar inputs and state transformations. The state transformations are constructed by using the differential geometric approach. In view of the fact that chaotic synchronizations are essentially ways to generate chaos, the generalized synchronizations given in the note imply that, although they are not topological equivalent, the Chen system and Rucklidge system are similar in some sense. Actually we find that, via appropriate state transformations, both of the two different three-dimensional chaotic systems have exactly the same two system equations.
The rest of the note is organized as follows. Section 2 illuminates two different problems of generalized synchronization between the Chen system and Rucklidge system. In Section 3 the state transformations are constructed to simplify the mathematical models of all the systems discussed in those generalized synchronization problems. A sufficient condition for generalized synchronization between the two chaotic systems, the scalar control inputs designed for the response systems and several numerical simulations are all given in Section 4. Finally, the note concludes in Section 5.
II. PROBLEM FORMULATION
Let two coupled chaotic systems bė
where x ∈ R n and y ∈ R m are n-dimensional and m-dimensional state vector respectively, f d : R n → R n and f r : R n → R n are both smooth vector functions, t 0 is initial time, x 0 and y 0 are initial states, and u ∈ R p is a control input. 
where · denotes the Euclidean norm. The Chen system is described by the following ordinary differential equations [20] :
where x = (x 1 , x 2 , x 3 ) T ∈ R 3 is the system state vector, and the three system parameters a, b and c are all positive real constants satisfied 2a−b = 0. The Chen system (4) is known to have strange attractors, for instance, for a = 35, b = 3 and c = 28. The dynamic equations of the Rucklidge system is given by [21] .ξ
where ξ = (ξ 1 , ξ 2 , ξ 3 ) T ∈ R 3 is the system state vector, the parameters α, β and γ are considered as three positive real constants in this note while γ = 1 holds in the classic form of the Rucklidge system. In the fact, when α = 2, β = 7.7 and γ = 1 are satisfied, (5) is chaotic.
For the purpose of controlling chaos by a feedback control approach, let us assume that the controlled Chen system is given by the following dynamical equations:
where u ∈ R is the control input, and 2a−b = 0 holds like (4). We also assume that the controlled Rucklidge system is in the form ofξ
where ν ∈ R is the control input. Our purpose is to solve two problems of generalized synchronization between the Chen system and the Rucklidge system. The first one is how to realize the generalized synchronization between the Chen system (4) and the controlled Rucklidge system (7). That is to say the Chen system is considered as the drive system and the controlled Rucklidge system is considered as the response system in the case. The latter problem which will be discuss is how to realize the generalized synchronization between the Rucklidge system (5) and the controlled Chen system (6).
III. STATE TRANSFORMATIONS
To simplify the two problems of generalized synchronization posed in the previous section we will construct a state transformation for (4) and (6), and another state transformation for (5) and (7) in this section.
A. STATE TRANSFORMATIONS FOR RUCKLIDGE SYSTEM
We now design the following linear state transformation for the Rucklidge system.
Using the new state η = π (ξ ), (5) is converted intȯ
and (7) is converted intȯ
Clearly, (10) is in the form of the so-called third order lowtriangular system [22] 
where u ∈ R is a scalar control input.
B. STATE TRANSFORMATIONS FOR CHEN SYSTEM
Now we want to find a state transformation such that (6) is converted into a form similar to (9) or (10) . Using the language of differential geometry [23] , the drift vector field of (6) is
and the control vector field of (6) is
. The Lie bracket of g 0 and f , written as
Denote g 1 = ad g 0 f . Now we calculate the Lie bracket of g 1 and f .
It is clear that when 2a − b = 0 holds, the distribution span g 0 , g 1 , ad g 1 f is full rank at every point in the state space of (6) except where x 1 = 0 satisfied. Additionally span{g 0 , g 1 } is involutive and full rank. According to the differential geometric control theory, (6) is not feedback linearizable in any neighborhood of the origin but it can be convert into the low-triangular form as well as partial linear form [22] , [24] . To construct the conversion, we calculate the vector field
Note that span g 0 , g 1 , g 2 is full rank globally. We construct three new vector fields
It is easy to check that the following equations hold.
Moreover, direct computations show that
According to the differential geometric control theory, there exists a state transformation
where ψ * is the push forward map induced by ψ [23] . Equations (19) and (20) indicate that h 1 satisfies the following partial differential equations.
Using similar arguments, one can obtain
and
From (21), (22) and (23), it is not difficult to see that one can choose
where h 1 , h 2 and h 3 are three independent variables clearly. We now rewrite (6) in terms of the state vector h.
To make the second equation of (25) as simple as possible, let us introduce a new state transformation y = (y 1 , y 2 , y 3 ) T = φ(x) as
It follows that the inverse transformation of (26), denoted as x = φ −1 (y), is
Using the state vector y, (6) is expressed aṡ
As a byproduct of the above discussion, it is clear that using the same state vector (4) is rewritten aṡ
IV. GENERALIZED SYNCHRONIZATION
Based on the state transformations given in the previous section, we attempt to present a sufficient condition for the two problems of generalized synchronization abovementioned to be solved. Also two scalar control inputs will be designed to achieve the two synchronizations, respectively. The main results of the note are shown by Proposition 1 and 2 in this section.
A. GENERALIZED SYNCHRONIZATION BETWEEN CHEN SYSTEM AND CONTROLLED RUCKLIDGE SYSTEM
We try to determine whether the Chen system and controlled Rucklidge system are generalized synchronous and how to realize this generalized synchronization if it is possible.
We start with a much simpler problem that is whether the drive system (29) and the response system (10) are complete synchronous. Let us define the synchronization error vector between (29) and (10) as follows e = (e 1 , e 2 , e 3 )
The dynamics of the error system is determined, directly from subtracting (10) from (29), as followṡ e 1 = (y 2 + η 2 )e 2 − γ η 1 + by 1 e 2 = e 3
Suppose that b = γ , this system reduces to the form oḟ e 1 = (y 2 + η 2 )e 2 − be 1
Taking
the subsystem consisting of the second and third equations of (32) is simplyė 2 = e 3 e 3 = ν 1 (34) which is the so-called second-order Brunovsky normal form [24] . The following controller, which proposed by Haimo [25] , is used to stabilize the origin of (34) in finite time.
Then there exists a t > 0 which is dependent on e 2 (t 0 ) and e 3 (t 0 ) such that
and when e 2 (t) = 0 the first equation of (32) is reduced tȯ e 1 = −be 1 , the origin of its phase space is asymptotically stable as b > 0. Therefore choosing
the trajectory of (32) converges to the origin as t → +∞. It indicates the response system (10) is synchronized with the drive system (29) by using the control input (37). Note that
It is clear from (38) that
Now we are ready to present the following proposition: Proposition 1: If γ = b, the Chen system (4) and controlled Rucklidge system (7) are generalized synchronous via the scalar control input (37) and state transformation φ −1 (π (ξ )). In the simulations, we select the parameters of the Chen system as a = 35, b = 3, c = 28 and the parameters of the controlled Rucklidge system as α = 2, β = 7.7, γ = 3. Additional, the initial vectors of the Chen system and controlled Rucklidge system are chosen as x(t 0 ) = (1, 1, 20) T and ξ (t 0 ) = (0,0,0) T , respectively. The simulation results obtained from the Chen system and controlled Rucklidge system are shown in Fig. 1 and Fig. 2. Fig. 3 shows the trajectory of the controlled Rucklidge system via the state transformation φ −1 (π (ξ )). The error system and scalar control are shown in Fig. 4 and Fig. 5 . As it can be seen from these results, the generalized synchronization of the drive chaotic system (4) and the response system (7) is realized with the controller law (37) and state transformation φ −1 (π (ξ )).
B. GENERALIZED SYNCHRONIZATION BETWEEN RUCKLIDGE SYSTEM AND CONTROLLED CHEN SYSTEM
In order to realize the generalized synchronization between the Rucklidge system (5) and the controlled Chen system (6), VOLUME 7, 2019 let us define the synchronization error vector between (9) and (28) as follows:
When b = γ holds, the state equations of the error system ε are given byε
Similar to (37), by setting
the origin of (41) is stabilized. Hence, the response system (28) with the control law (42) can be synchronized with the drive system (9). Since
where π −1 F is the Frobenius norm of the linear transformation π −1 , one can conclude that
Proposition 2: If b = γ , the Rucklidge system (5) and controlled Chen system (6) are generalized synchronous via the scalar control input (42) and state transformation φ −1 (π (ξ )). For simulation purpose, the parameters of the Rucklidge system and controlled Chen system are selected as α = 2, β = 7.7, a = 35, c = 28 and γ = b = 1. The initial vectors of the Rucklidge system and controlled Chen system are set as ξ (t 0 ) = (1,0.5,4.5) T and x(t 0 ) = (0, 0, 0) T , respectively. The simulation results obtained from the Rucklidge system and controlled Chen system are shown in Fig. 6 and Fig. 7 . φ(x) ). The error system (41) and scalar control (42) are shown in Fig. 9 and Fig. 10 . From  Figs. 6-10 , it is clear that the generalized synchronization of the drive chaotic system (5) and the response system (6) is realized with the controller law (42) and state transformation π −1 (φ(x)). 
V. CONCLUSION
In this paper we study generalized synchronizations between the Rucklidge system and the Chen system in two different ways. The control schemes are designed mainly by the differential geometric approach. Also the generalized synchronizations realized in this paper imply that there exist some similarities between the two chaotic systems. 
